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(1.2)
These two integer sequences are better known under the parameterization q b p a    , , for which a simultaneous study has been undertaken by Cerda-Morales [4] and Jeffery and Pereira [5] . The latter authors have called them generalized Lucas sequences of the first and second order. They contain some important sequences. The sequence (1.1) generates the classical Fibonacci, Jacobsthal, Pell and Mersenne numbers for )} 2 ,
, while (2.2) generates the classical Lucas and Jacobsthal-Lucas numbers for
. In all these examples the discriminant b a 4 2    of (1.1) and (1.2) is non-zero. Without further mention, it will be assumed that this holds true. It is also remarkable that these sequences contain the special cases ) , 1 ( ) , ( a a q  of the generalized Fibonacci ) , ( a q -sequences and the generalized Lucas ) , ( a qsequences studied in the book by Stakhov [3] . They are obtained setting 1  b in the above and have applications in computer science (Fibonacci measurement algorithms, Fibonacci computers, cryptography, etc.). On the other hand, it is also well-known that Lucas sequences play an important role in primality testing (e.g. Riesel [6] , Chap. 4, Bressoud [7] , Chap. 12, Pomerance [8] 
For a general exposé of the generalized Lucas sequences the reader is refereed to Kalman and Mena [9] . In the classical case
it is known that the period length of (1. For simplicity, the dependence upon the parameters will be omitted in the sequence notations ) 
II. Preliminaries
The representation used in [11] for the classical case
is a crucial step of the analysis.
Proof. This is shown by induction on n . With 1 , 0 , 1
. Now, assuming the formula holds for indices less than n and using the recursions (1.1) and (1.3) one easily sees that 
the ranks of G L, and denote them by )
. In particular, the 
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III. Invariance of period, rank and order of generalized lucas sequences
Several results in [11] show that for the special case ) 1 , 1 ).
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In matrix notation this linear system of equations modulo m reads 
studied by Lucas [14] . In this situation, one has
, and if 1 ) , 5 gcd(  m the periods modulo m of the classical Lucas and Fibonacci sequences are equal. The latter result is due to Wall [11] , Corollary to Theorem 8. Clearly, the same relationships hold for the ranks and orders.
As mentioned in the Introduction, the case 1  b is of special interest. We show that Theorem 3.1 can be refined to the following extended version of Theorem 8 in [11] . 
IV. The Exceptional (a,b)-Lucas Sequences For Odd Primes
To complete somewhat the picture in Example 3.1 let us describe the periodic behaviour of the ) , ( b aLucas sequence for the odd primes that divide the discriminant. The following notion will be useful. modular properties of (a,b) 
V. Conclusion
Modular properties of integer sequences are important in number theory and combinatorics, and have numerous applications, especially in computer science. In this respect, the theory of Fibonacci sequences plays a special role. We have shown in Theorem 3.1 that the period, rank and order of (a,b)-Fibonacci sequences remain invariant under extension to generalized (a,b,c,d)-Lucas sequences provided the determinant is relatively prime to the modulus. A refinement of this, which generalizes an older result by Wall, has been obtained in Theorem 3.2 for the special case b=1. Some new results for the exceptionl (a,b)-Lucas sequences have also been found. They are related to earlier findings by Wall and Renault. Extensions to other types of generalized Fibonacci sequences might be considered in future work.
